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When is a graph “random” ?
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Quasi-random / pseudorandom graphs

Late 80’s: Chung-Graham-Wilson extending Rödl and Thomasson:

Large n-vertex graph G = (V ,E ) of density p is quasi-random if:

• ∀X ⊆ V , G [X ] has ≈ p ·
(|X |

2

)
edges

• ∀A,B ⊆ V , # of edges between A and B is ≈ p · |A||B|
• ∀F , # of labelled non-induced F in G is ≈ pe(F ) · nv(F )

• For F = C4, # of labelled non-induced F ⊂ G is ≈ p4 · n4

• ∑
u,w∈V

∣∣ codeg(u,w)− p2 · n
∣∣ = o

(
n3
)

• λ2(G ) = o(n)
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Quasi-randomness of G with density p by counting C4s

#e := # of lab.edges ∈ [0, (n − 1)] #C4 := # of lab.non-induced C4

#C4 =
∑
u,w

codeg(u,w)2

≥ (
∑

codeg(u,w))2

n2

≥
(

#e

n

)4

since

∑
u,w

codeg(u,w) = #P1,2 =
∑
v

deg(v)2 ≥ (
∑

deg(v))2

n
=

(#e)2

n

Sidorenko’s Conjecture (’91): B k-vertex bipartite:

# of B in n-vertex G of density p ≥ pe(B) · nk

Known for trees, cycles, complete bipartite graphs, hypercubes. . .
Conlon, Fox, Hatami, Kim, Li, C. Lee, J. Lee, Sidorenko, Sudakov, Szegedy. . .

Conjecture of Skokan-Thoma (’04) / Conlon-Fox-Sudakov (’10):
B bipartite with cycle =⇒ B-Sidorenko ≈ tight only for quasi-rand

Smallest open case for both conjectures: B = K5,5 − C10
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Quasi-randomness in permutations

Pattern in π = 453216 :

453216 or 453216 are patterns 213 in π

d(τ, π) := probability random |τ | points in π induces pattern τ

Ex: d(213, 453216) = 9/
(6
3

)
= 9/20 = 45%

Question (Graham): Is there a finite list of (τk) s.t.d(τk , π) ≈ 1
|τk |!

=⇒ d(τ, π) ≈ 1
|τ |! for any fixed τ ?

Theorem (Král’-Pikhurko ’13): YES! Take as the list (τk) = S4

Useful analytic approximation of large π: a measure µ on [0, 1]2

with uniform marginals, i.e., µ(A× [0, 1]) = µ([0, 1]× A) = λ(A)
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Proof of Král’-Pikhurko’s theorem (for S5 instead of S4)

Theorem (Král’-Pikhurko ’13) ∀τ ∈ S5 : d(τ, µ) = 1
120 ⇒ µ uniform

Goal: prove that Fµ(a, b) := µ([0, a]× [0, b]) = ab for ∀a, b ∈ [0, 1] ∫
(a,b)∼λ

Fµ(a, b) · ab


2

≤
∫

(a,b)∼λ

Fµ(a, b)2 ·
∫

(a,b)∼λ

a2b2

Claim: These three
∫

are equal to 1/9 if ∀τ ∈ S5 : d(τ, µ) = 1
120

•
∫
(a,b)∼λ Fµ(a, b)2 =

∑
τ∈S4 · · · = 1/9

•
∫
(a,b)∼λ Fµ(a, b) · ab =

∑
τ∈S5 · · · = 1/9

•
∫
(a,b)∼λ a

2b2 = 1/9

Therefore, Fµ(a, b) = ab · c for some c ∈ R. Fµ(1, 1) = 1⇒ c = 1
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What is
∫

(a,b)∈λ Fµ(a, b)2 . . .

=
∫

(xi ,yi )∼µ2 =
∑

τ∈S4 aτ · τ∫
(x ,y)∼µ

(· · · ) Fubini’s theorem←−−−−−−−−−−−−→
∫∫

x∼[0,1]
y∼µx

(· · · )

∫
(a,b)∼λ

(· · · ) ←→
∫∫∫∫

a∼[0,1], b∼[0,1]
y∼µa, x∼µb

(· · · )

←→
∫∫

(a, )∼µ
( ,b)∼µ

(· · · )

Fµ(a, b) =
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Proof of Král’-Pikhurko’s theorem (for S5 instead of S4)

Theorem (Král’-Pikhurko ’13) ∀τ ∈ S5 : d(τ, µ) = 1
120 ⇒ µ uniform

Goal: prove that Fµ(a, b) := µ([0, a]× [0, b]) = ab for ∀a, b ∈ [0, 1] ∫
(a,b)∼λ

Fµ(a, b) · ab


2

≤
∫

(a,b)∼λ

Fµ(a, b)2 ·
∫

(a,b)∼λ

a2b2

Claim: These three
∫

are equal to 1/9 if ∀τ ∈ S5 : d(τ, µ) = 1
120

•
∫
(a,b)∼λ Fµ(a, b)2 =

∑
τ∈S4 · · ·

= 1/9

•
∫
(a,b)∼λ Fµ(a, b) · ab =

∑
τ∈S5 · · · = 1/9

•
∫
(a,b)∼λ a

2b2 = 1/9

Therefore, Fµ(a, b) = ab · c for some c ∈ R. Fµ(1, 1) = 1⇒ c = 1
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Reducing the number of assumptions in Král’-Pikhurko

Original proof uses density d(τ, µ) of all 24 permutations τ ∈ S4

2018, Zhang (PRIMES@MIT): using symmetry, removed specific 8 τ ’s

Our main result: Removed additional 8 τ ’s (i.e.,assume 8 d(τ, µ))∑
τ∈T

d(τ, µ) ≥ 1
3 for all µ on [0, 1]2 with unif.marginals. Moreover,

the
∑

is equal to 1/3 only if µ is the uniform measure on [0, 1]2

(1,2,3,4) (1,2,4,3) (2,1,3,4) (2,1,4,3) (3,4,1,2) (3,4,2,1) (4,3,1,2) (4,3,2,1)

Let Q :=
∫

(Fµ(a, b)− ab)2, R :=
∫

(
∑

aiτi )
2, S :=

∫
(
∑

bjτj)
2

Each
∫

express some pattern density. For some q, r , s > 0 it holds:

3 ·

(∑
τ∈T

d(τ, µ)

)
− 1 = q · Q + r · R + s · S ≥ 0
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Conclusion

Thank you for your attention!

Theorem:
∑
τ∈T

d(τ, µ) ≥ 1
3 ∀µ on [0, 1]2 w.unif.margin. Moreover,

the
∑

is equal to 1/3 only if µ is the uniform measure on [0, 1]2

(1,2,3,4) (1,2,4,3) (2,1,3,4) (2,1,4,3) (3,4,1,2) (3,4,2,1) (4,3,1,2) (4,3,2,1)

Question: Is T minimal with respect to forcing quasi-randomness?

Question: What are other sets of τ ’s forcing quasi-randomness ?

Sidorenko (and forcing) conjecture(s) for B k-vertex bipartite:

# of B in n-vertex G of density p ≥ pe(B) · nk

Smallest open case B = K5,5 − C10

Question: Is there some permutation-analogue of Sidorenko?
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